The energy and momentum distributions of a regular black hole in a four-dimensional, asymptotically de Sitter spacetime geometry are computed, whereby the Einstein, Landau-Lifshitz, Weinberg and Møller energymomentum complexes are utilized. It is found, for all prescriptions applied, that the momentum distribution vanishes, while the energy distribution depends on the mass parameter M, the electric charge Q, and the cosmological constant Λ. In addition, various limiting cases are discussed.
Introduction
In the last two decades the development of methods for energy-momentum localization has implied the use of tools that differ in efficiency as well as accuracy, such as superenergy-tensors, energy-momentum complexes, quasi-local expressions and the teleparallel theory of gravitation. Pseudotensorial prescriptions based on the energy-momentum complexes of Einstein [1] [2] [3] , LandauLifshitz [4] , Papapetrou [5] , Bergmann-Thomson [6] , Wein-berg [7] , Qadir-Sharif [8] and Møller [9] have been widely applied for the localization of energy in the context of general relativity. The Møller prescription is the only definition which can be applied to any coordinate system, while the other energy-momentum complexes yield meaningful results only if the calculations are restricted to quasi-Cartesian coordinates.
The subject of energy-momentum localization was enlightened in recent years and the pseudotensorial definitions have been used for the evaluation of energy for many 3 + 1, 2 + 1 and 1 + 1 dimensional spacetimes demonstrating that different energy-momentum complexes can lead to the same expression for the energy distribution in a given spacetime [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . Virbhadra established an interesting result showing that different energy-complexes (Einstein, Landau-Lifshitz, Papapetrou, Weinberg, henceforth ELLPW) yield the same result for a general nonstatic spherically symmetric geometry of the Kerr-Schild class [29] . Furthermore, for the same kind of geometry of this class, the aforementioned definitions (ELLPW) comply with the quasi-local mass definition given by Penrose and Tod [30, 31] . However, these prescriptions disagree in the case of the most general non-static spherically symmetric spacetime. It is worth mentioning that the Møller prescription used by many authors has led to important results and, therefore, can be considered as a powerful tool for the localization of energy. In addition, Chang, Nester and Chen [59] have shown that the energy-momentum complexes are quasilocal expressions for the energy-momentum and directly connected, while all energy-momentum complexes are associated with Hamiltonian boundary terms. Moreover, each expression for the energy aquires geometrical and physical significance due to the connection with the boundary conditions. All of the above show the importance of the energy-momentum complexes and stress their utility for the localization of energy. The localization of energy for non-singular black hole solutions by using different energy-momentum complexes has been activated rather recently, when interesting studies [60] [61] [62] [63] arose. In particular, the energy of the Ayón-Beato-García black hole solution has been computed in [64, 65] by using the Einstein, Weinberg and Møller prescriptions, while in our paper we study the energy and momentum distribution of the Ayón-Beato-García-Bronnikov-de Sitter (ABGB-dS) regular black hole in an asymptotically de Sitter spacetime geometry [66] . Our calculations have been performed by applying the Einstein, Landau-Lifshitz, Weinberg and Møller prescriptions and using Mathematica and Maple, the last having attached the GrTensor platform. Throughout this paper we have used geometrized units ( = 1 G = 1) and Greek (Latin) indices run from 0 to 3 (1 to 3).
The Ayón-Beato -García -Bronnikov -de Sitter (ABGB-dS) spacetime geometry
The attempt for singularity avoidance in the context of black hole solutions has led to the quest for so-called regular black holes, which do not exhibit physical singularities; the first regular model was proposed already in 1968 by Bardeen [67] . Ayón-Beato and García [68] managed to construct an exact, static and spherically symmetric, globally non-singural, electrically charged black hole solution, whose behavior, asymptotically, resembles that of the Reissner-Nordström solution. In 2001, Bronnikov [69] came up with a magnetic analog to the Ayón-Beato-García solution, namely a globally regular black hole solution with a nonzero pure magnetic charge. A combination of the two aforesaid solutions has led to the so called Ayón-Beato-García-Bronnikov (henceforth ABGB) regular black hole. Thus, the ABGB solution describes a regular, static and spherically symmetric black hole with mass parameter M and magnetic charge Q. Referring to very recent work [66] where the ABGB solution has been extended to the asymptotically de Sitter spacetime geometry whereby a positive cosmological constant is assumed, we consider this specific spacetime (henceforth ABGB-dS) that describes a non-singular solution of gravity coupled with the equations of non-linear electrodynamics. In particular, the action used is the following:
with the Lagrangian (having the proper weak field limit)
Here, Λ is the cosmological constant, F µν is the tensor of the electromagnetic field, and = |Q| 2 , Q being the magnetic charge and a free parameter found to be equal to M in order to have regularity at the center, i.e. when → 0. The energy-momentum tensor is
After formally integrating the proper coupled field equations (with a cosmological constant), the following line element describing a static and spherically symmetric spacetime geometry is obtained in standard spherical coordinates:
The above solution describes the spacetime geometry of the so called ABGB-de Sitter black hole which is nonsingular at = 0, as it is shown in [66] . Furthermore, close to the center the ABGB-dS spacetime can be approximated by the de Sitter solution given by
while for small Q (Q 1) as well as far outside the event horizon it closely resembles the ReissnerNordström-de Sitter solution. In the case of zero charge the Schwarzschild-de Sitter (Kottler) solution is obtained, while a zero cosmological constant leads back to the ABGB solution. The vanishing of both the charge and the cosmological constant yields the Schwarzschild solution. In the case of the ABGB-dS solution, and in order to avoid the complexity of the metric coefficient (6) for the calculation of the energy in the various prescriptions, the expansion of ( ),
is considered, whereby the higher-order terms also contain higher-order powers of M and Q.
Energy-momentum complexes
In the following, we present the definition of the Einstein, Landau-Lifshitz, Weinberg and Møller energy-momentum complexes and the corresponding formulas for the energy and the momentum distributions. Einstein's energy-momentum complex in a fourdimensional background is defined as [1] [2] [3] 
where " " denotes partial differentiation, and the corresponding superpotentials
with the antisymmetry property, Thus, the energy and momentum in Einstein's prescription are given by
By applying Gauss' theorem, one obtains
where is the outward unit normal vector over the surface element S. P , = 1 2 3, are the momentum components, while P 0 = E is the energy. The calculations are restricted to quasi-Cartesian coordinates. The Landau-Lifshitz energy-momentum complex is given by [4] , L µν = 1 16π S µνρσ ρσ (12) and the corresponding superpotentials are
and L 0 are the energy and momentum density components, respectively. The Landau-Lifshitz energymomentum complex satisfies the local conservation law, 
Application of Gauss' theorem yields,
The Landau-Lifshitz energy-momentum complex yields meaningful results if the calculations are performed in quasi-Cartesian coordinates. The Weinberg energy-momentum complex is given by [7] , (15) where the superpotentials are 
Using Gauss' theorem we have,
The calculations are restricted to quasi-Cartesian coordinates. The Møller energy-momentum complex [9] in a fourdimensional background is defined by (19) and exhibit the antisymmetric property,
Møller's energy-momentum complex satisfies the local conservation law ∂ µ ν
where 0 0 is the energy density and 0 are the momentum density components. In Møller's prescription the energy and momentum for a four-dimensional background are given by
Lessner [70] considered the Møller energy-momentum complex as an efficient tool for the localization of energy and momentum in general relativity.
Energy and momentum density distributions
In the case of the Einstein, Landau-Lifshitz, and Weinberg prescriptions we use the Schwarzschild Cartesian coordinates, as given by
where we have considered the signature (+ − − −) with no loss of generality. The calculation of the superpotentials yields the following:
(i) the Einstein superpotential components,
(ii) the Landau-Lifshitz superpotential components,
+ Λ 3 (25) where the U's are defined in equation (14), (iii) the Weinberg superpotential components,
+ Λ 3 (26) and, finally, (iv) the Møller superpotential components,
Substituting these superpotential components into the corresponding expressions for the energy-momentum, i.e. (11), (14), (17), (23), we obtain for the energy inside a 2-sphere of radius , respectively,
(28)
Here, the indices E, LL, W and M denote Einstein, Landau-Lifshitz, Weinberg and Møller, respectively. As it is expected, the energy is the same for the Landau-Lifshitz and Weinberg prescriptions. Further, all the momenta are found to be zero. It is noticed that all four results for the energy contain the mass parameter M, the electric charge Q and the cosmological constant Λ.
The solution (5)- (6) is of the Kerr-Schild class and in order to compute the energy distribution we have to transform this metric in Kerr-Schild Cartesian coordinates. To this purpose, we use the transformations
Substituting (33) into (5), and using the signature (+ − − −), the line element becomes
Now, in order to obtain the metric in Kerr-Schild Cartesian coordinates, we apply the following transformation:
The transformed metric then reads,
This metric has the form of the Kerr-Schild class metrics, µν = η µν −H µ ν , where H = 1− ( ) and µ = (1 ). Thus, the energy distribution can be evaluated for all three prescriptions of Einstein, Landau-Lifshitz and Weinberg from the expression [29] ,
For the ABGB-dS solution considered, the last expression yields:
which clearly is the result (28) we have found for the Einstein prescription in Schwarzschild Cartesian coordinates. Further, it should be noted that Radinschi has calculated the energy of the ABG-solution in Kerr-Schild Cartesian coordinates in [71] and [72] .
Discussion
In this paper we performed an investigation concerning the energy-momentum of a regular black hole in an asymptotically de Sitter spacetime. The ABGB-dS geometry considered is static and spherically symmetric. For the calculation of the energy and momentum densities we used the Einstein, Landau-Lifshitz, Weinberg and Møller energymomentum complexes. It is found that all the momenta vanish while the total energy in the spacetime under study depends on the mass parameter M, the electric charge Q and a positive cosmological constant Λ for all the four prescriptions applied. In the limit Q → 0 the spacetime exterior to a Schwarzschild-de Sitter (Kottler) black hole is obtained, while for a vanishing value of the cosmological constant Λ we get the ABGB black hole solution.
At this point, though the asymptotic behaviour of the energies can easily be inferred from the calculations already performed for the exact metric, we deem it appropriate to refer explicitly to two particular cases in order to emphasize the two extreme configurations brought out by Matyjasek et al. [66] .
Case A: Far outside the event horizon
First, we present the case for small Q (Q 1) or at distances far outside the even horizon where the ABGBdS black hole solution closely resembles the ReissnerNordström-de Sitter solution. For the calculations in the Einstein, Landau-Lifshitz and Weinberg prescriptions we use the expression given by (7) and the Schwarzschild Cartesian coordinates. For the Møller definition we perform the calculations using (5) and (7). We obtain the following expressions for the energy distribution:
The first two terms in expression (38) for the energy, i.e. as calculated in the Einstein prescription, represent the result obtained by Tod [73] by using the quasi-local mass definition of Penrose, while the first two terms in the expression (40), i.e. as calculated in the Møller prescription, correspond to the result obtained by Komar [74] . In the case of the Kerr-Schild Cartesian coordinates, using (7), (36) and (37) we obtain in the Einstein, Landau-Lifshitz and Weinberg prescriptions the following expression for the energy:
In the tables below we present various limiting cases and the corresponding energies for each prescription. Table 1 .
The Einstein Case
Limit case Table 3 .
The Møller Case
Limit case
We point out that in the limiting case Q → 0 Λ = 0, the Einstein and Møller prescriptions yield the same result for the energy, while in the case of Λ = 0 → ∞ we obtain the same result in all four prescriptions, i.e. the energy is equal to M, which can be identified with the ADM mass since the spacetime geometry considered is asymptotically flat.
We close this case considering the same limits for the energy distribution calculated in the Kerr-Schild Cartesian coordinates and presented in the following table. In this case, the results are, as expected, the same as those obtained for the energy in the Einstein prescription defined in Schwarzschild Cartesian coordinates. Table 4 . 
Thus, for the Einstein, Landau-Lifshitz and Weinberg definitions we use (5), the expression
and the Schwarzschild Cartesian coordinates. In the Einstein prescription the expression for the energy distribution is given by
Using the Landau-Lifshitz and Weinberg definitions we obtain for the energy
In the case of the Møller energy-momentum complex from (5) and with
and (23) we obtain
For the black hole solution considered, the calculations in the Kerr-Schild Cartesian coordinates yield for the Einstein, Landau-Lifshitz and Weinberg prescriptions the following expression for the energy distribution:
It is known that the presence of an event horizon in de Sitter space (i.e. Λ > 0) restricts the region in which a timelike Killing vector can be defined. Thus, the use of conventional energy-momentum complexes for the gravitational field in such a case bears prospective dangers. A useful alternative energy concept was introduced by Abbott and Deser [75] in their study of stability properties of general relativity theory with a cosmological constant. Indeed, an energy-like quantity was presented that can be written as a flux integral over a two-dimensional spatial surface. This "Killing energy" (also known as "Abbott-Deser energy" and leading to a corresponding Abbott-Deser mass) is conserved and it is positive within the event horizon. However, since a proof of the positivity of the total Killing energy is, to the best of our knowledge, still lacking for the case of de Sitter space (there are negative contributions outside the event horizon, where the Killing vector becomes spacelike) one should always be cautious when applying the notion of gravitational energy, calculated with the use of the Abbott-Deser formalism when a cosmological horizon coincides with an event horizon, as in one of the possible horizon cases for the ABGB-dS spacetime geometry. Further, although de Sitter spacetime may not have globally timelike Killing vectors, it does have globally timelike conformal Killing vectors, with which positive conserved charges are associated, leading to conformal mass (energy) terms (see, e.g. [76] ). However, we have not pursued this line of attack to the problem considered in the present paper. Finally, we deem it appropriate to remark that one might expect that expression (41) for the energy should agree not only with result (38) , as it does indeed, but also with result (39), since the Einstein, Landau-Lifshitz and Weinberg energy-momentum complexes "coincide" for metrics of the Kerr-Schild class [77] . However, in obtaining result (41) we used Kerr-Schild Cartesian coordinates while results (38) and (39) were obtained using Schwarzschild Cartesian coordinates. A similar example of such differences between results obtained by the use of the two aforesaid coordinate systems is presented in [29] for the Schwarzschild metric, where it is pointed out that "it is not clear why different energy-momentum complexes 'coincide' in the Kerr-Schild Cartesian coordinates, but not in the Schwarzschild Cartesian coordinates". We cannot but underline the same statement in our study. Furthermore, since result (38) is obtained in Kerr-Schild Cartesian as well as in Schwarzschild Cartesian coordinates, one might consider this fact as an indication that the Einstein energy-momentum complex is more reliable than other complexes. In any case, the aforementioned disagreement, as well as the results obtained in the present work, may contribute to the ongoing debate on the problem of the localization of energy in general relativity.
